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Abstract
From the general point of view, we study and characterize the spaces having a weak reflection
in classes that contain the class of compact spaces and that are contained in the class of θ-regular
spaces. Among others, we give an equivalent characterization of the spaces having a weak reflection
in strongly locally compact spaces in terms of extensions and remainders.
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Notation and terminology
The main source of the definitions of most used standard topological notions and notions
related to the construction of the Wallman compactification is A. Császár’s book [2]. By
a space we always mean a topological space. All spaces are assumed with no separation
axioms in general. Especially, compactness, paracompactness and their modifications are
understood without T2 or any other separation axiom. We denote by ΞF the family of
all finite unions of members of Ξ . A family Ξ is called directed if each element of ΞF
is contained in an element of Ξ . We say that a subset A ⊆ X is discrete (in a space X)
if for every x ∈ X there is a neighborhood U of x that contains at most one element
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of A. A filter base Φ in X has a θ -cluster point x ∈ X if every closed neighborhood
of x and every element of Φ have a nonempty intersection. We will say that H ⊆ X
is a θn-neighborhood of x ∈ X for n ∈ N if there exist open U1,U2, . . . ,Un such that
x ∈ U1 ⊆ clU1 ⊆ U2 ⊆ clU2 ⊆ · · · ⊆ Un ⊆ clUn ⊆ H . A filter base Φ has a θn-cluster
point x ∈ X for some n ∈ N if every θn-neighborhood of x meets every element of Φ .
Recall that a space X is said to be θ -regular [5] if every filter base in X with a θ -cluster
point has a cluster point. The subclass of Top consisting of all θ -regular spaces we denote
by ΘReg. The class of compact spaces we denote by Comp. There are several possible
definition of local compactness. In this paper we say that a space is (strongly) locally
compact if its every point has a compact (closed) neighborhood. The class of strongly
locally compact spaces we denote by Slc. A space X is said to be almost compact if every
open filter base in X has a cluster point [2]. It is not very difficult to check that if Y ⊆ X
is dense in X and every open filter base in Y has a cluster point in X then X is almost
compact. We say that a space X is countably compact if every open countable cover of X
has a finite subcover. It is easy to check that if every sequence in X has a cluster point then
X is countably compact.
We say that a space X has a weak reflection in some class K ⊆ Top if there exists
a space kX ∈ K and a continuous mapping k :X → kX such that for every Y ∈ K and
any continuous mapping f :X→ Y there exists a continuous mapping g : kX→ Y with
g ◦ k = f . A subclass K ⊆ Top is said to be weakly reflective [1] if it is closed under
retracts and every space X has a weak reflection in K. A filter in a space X is said to
be ultra-closed (ultra-open, respectively) if it is maximal among all filters in X having a
base consisting of closed (open, respectively) sets [2]. By the Wallman compactification of
X we mean the set ωX = X ∪ {y | y is a nonconvergent ultra-closed filter in X}. The sets
S(U)=U ∪{y | y ∈ ωX \X,U ∈ y}, whereU is open in X, constitute an open base of ωX
(see [2]). In [7] we introduced a θ -regular extension ϑX = X ∪ {y | y is a nonconvergent
ultra-closed filter in X with a θn-cluster point, n ∈ N} of a space X as a subspace of ωX.
For more detailed explanation of the used notions and terminology we refer the reader to
the previous author’s paper On weak reflections in some superclasses of compact spaces I
[7].
1. Introduction
Our considerations are motivated by the question of Frolík, Adámek, Rosický and
Herrlich (see [1] and [3]): Does there exist a compactification γX of a space X such
that every continuous mapping from X into any compact space Y can be continuously
extended to γX? This question was answered in the negative by Hušek [4] and the spaces
having a weak reflection in compact spaces are fully characterized in the papers of Hušek
[4] and the author [6]. In [7] we studied the generalized problem: When a space X has a
weak reflection in some class K satisfying the condition Comp⊆K⊆ΘReg? Our main
results were the following:
(i) Let X be a space such that the remainder ϑX \ X is discrete in ϑX. Then ϑX is a
weak reflection of X in θ -regular spaces.
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(ii) Let Comp⊆ K ⊆ΘReg and let X have a weak reflection kX in K. Then there is
no infinite family of closed noncompact subsets X1,X2, . . . of X such that Xp ∩Xq
is compact for p = q and every open filter in X containingX1 ∪X2∪ · · · has a cluster
point in kX.
(iii) Let Comp⊆ K ⊆ΘReg. Suppose that X has a weak reflection j :X→ kX in K.
Then X has a weak reflection in θ -regular spaces.
(iv) Let X = R, ε be the Euclidean topology on X and M = {1/n | n = 1,2, . . .}. The
family τ0 = ε ∪ {U \M | U ∈ ε} is a base of a Hausdorff but nonregular topology τ
on X. In this topology the space X has no weak reflection in θ -regular spaces.
For the proofs, the reader is referred to [7]. As an immediate consequence it follows
from (iii) and (iv) that there is no weakly reflective subclass K of Top such that Comp⊆
K ⊆ ΘReg. But, it still remains open whether there exists a space X having a weak
reflection in θ -regular spaces such that the remainder ϑX \ X is not discrete in ϑX. In
this paper we will study especially the class of strongly locally compact spaces. We will
see in the next section that this subclass of ΘReg satisfies a theorem analogous to (i) in
an “if and only if” form.
2. In strongly locally compact spaces
The class of strongly locally compact spaces obviously is not weakly reflective—it is
even not closed under the products. But some spaces may have a weak reflection in Slc
and it is still interesting to characterize them equivalently, if possible. We will do this. The
following simple example yields an initial observation—there are some spaces with weak
reflections in Slc that have no weak reflection in Comp as well as there are some spaces
with weak reflections in ΘReg that have no weak reflection in Slc.
Example 2.1. The real line R with the Euclidean topology is a weak reflection of itself in
Slc but it has no weak reflection in Comp. The product space Rω is a weak reflection
of itself in θ -regular spaces since it is regular and it is an easy exercise to show that it
has no weak reflection in strongly locally compact spaces (this fact is also an immediate
consequence of Theorem 2.14 at the end of this section). The space of the example (iv) (of
the previous section) has no weak reflection in Slc since the theorem (iii) holds.
Analogously as in [7] for the θ -regular extension, we will start with introducing a
convenient strongly locally compact extension for an arbitrary topological space X. Let
Ω be a cover of X. We say that Ω is θ -spread in X if for any U ∈ Ω there exist
U1,U2, . . . ,Uk ∈Ω such that clU ⊆⋃ki=1 Ui . The following proposition holds.
Proposition 2.2. Let X be a space, Ω an open θ -spread cover of X. Let λΩX =
X ∪ {y | y is a nonconvergent ultra-closed filter in X with Ω ∩ y = ∅} be a subspace of
the Wallman compactification of X. Then λΩX is strongly locally compact.
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Proof. We show that λΩX is θ -regular. It is sufficient to prove that every y ∈ λΩX and
z ∈ ωX \ λΩX have disjoint neighborhoods in ωX. Then there exists U ∈ Ω such that
y ∈ S(U). (It may be either y ∈ U if y ∈X or U ∈ y if y ∈ ωX \X.) Since Ω is θ -spread,
there exist U1,U2, . . . ,Uk ∈ Ω such that clX U ⊆ ⋃ki=1 Ui . It follows that clX U /∈ z.
Indeed, if clX U ∈ z then Ui ∈ z for some i ∈ {1,2, . . . , k} and then z ∈ λΩX, which is
impossible. Hence X \ clX U ∈ z. Then z ∈ S(X \ clX U) and S(U) ∩ S(X \ clX U)= ∅.
Therefore, λΩX is θ -regular.
Now, we will show that clλΩX U is compact for every U ∈Ω . Let Φ be a filter base in
U . We will prove thatΦ has a cluster point in clλΩX U . It follows that Γ = {clX F | F ∈Φ}
is a closed filter base in X. If Γ has a cluster point x ∈ X then x is a cluster point of Φ
in clλΩX U . Suppose that Γ has no cluster point in X. Then there exists an ultra-closed
filter y ∈ ωX finer than Γ . Since Ω is θ -spread, there exist U1,U2, . . . ,Uk ∈Ω such that
clX U ⊆⋃ki=1 Ui . Since Φ is a filter base in U , the elements of Γ are subsets of clX U
and since Γ ⊆ y it follows that clX U ∈ y . Then there is some i ∈ {1,2, . . . , k} such that
Ui ∈ y . Hence, y ∈ λΩX. Let V ⊆X be an open set inX such that y ∈ S(V ) and let F ∈Φ .
Then V ∈ y and clX F ∈ Γ ⊆ y which implies that V ∩ clX F = ∅ and so S(V ) ∩ F = ∅.
Therefore, y is a cluster point of Φ in λΩX and hence y ∈ clλΩX U . Then every filter base
in U has a cluster point in clλΩX U which implies that clλΩX U is almost compact. Since it
is also θ -regular (as a closed subspace of λΩX) it follows that clλΩX U is compact. Hence
λΩX is strongly locally compact. ✷
Note that λΩX highly depends on Ω and it can be λΩX = X even if X is strongly
locally compact. For example, the cover Ω = {X} obviously is θ -spread and λΩX = ωX.
On the other hand, one can easily check that the intersection
⋂
Ω λΩX is a θ -regular space
containing ϑX but it need not be (strongly) locally compact in general. However, if X
has a weak reflection in Slc, the situation is quite different—then there exists the least
λΩ -extension of X.
Proposition 2.3. Let j :X→ rX be a weak reflection of X in strongly locally compact
spaces. Let Ω be an open cover of rX such that for every V ∈ Ω the closure clrX V is
compact. Denote Ω ′ = {V ∩ X | V ∈ Ω}. Then for any open θ -spread cover Φ of X it
follows λΩ ′X ⊆ λΦX. In particular, if Φ refines Ω ′F then λΩ ′X = λΦX.
Proof. We will show first that the coverΩ ′ is θ -spread in X. LetU ∈Ω ′. Then there exists
some V ∈Ω such that U = V ∩X. Since clrX V is compact there exist V1,V2, . . . , Vk ∈Ω
such that clrX V ⊆⋃ki=1 Vi . We put Ui = Vi ∩X for every i ∈ {1,2, . . . , k}. Obviously,
clX U = clX(V ∩X)⊆ (clrX V )∩X ⊆
(
k⋃
i=1
Vi
)
∩X=
k⋃
i=1
Ui.
It follows that Ω ′ is θ -spread in X and hence λΩ ′X is defined correctly. Since λΦX is
strongly locally compact there exist a mapping f : rX→ λΦX extending continuously the
identity map idX :X→ λΦX such that the following diagram commutes:
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X
j
rXidX
f
λΦX
that is, f ◦ j = idX. We will prove that every U ∈ Ω ′ may be covered by finitely many
elements of Φ . There exists some V ∈Ω such that U = V ∩X. Since Ψ = {S(W) |W ∈
Φ} is an open cover of λΦX it follows that the family f−1(Ψ ) = {f−1(S(W)) |W ∈ Φ}
is an open cover of rX. Since clrX V is compact there exist open sets W1,W2, . . . ,Wn ∈Φ
such that clrX V ⊆⋃ni=1 f−1(S(Wi)). Because f/X = idX, it follows that U ⊆ (clrX V )∩
X ⊆⋃ni=1 f−1(S(Wi))) ∩ X =⋃ni=1 Wi . Therefore, Ω ′ refines ΦF which implies that
λΩ ′X ⊆ λΦX. In particular, if also Φ refines Ω ′, then λΩ ′X = λΦX. That completes the
proof. ✷
Corollary 2.4. If r1X and r2X are two weak reflections of X in Slc with the corresponding
covers Ω1 and Ω2 then λΩ ′1X = λΩ ′2X.
Corollary 2.5. If X is strongly locally compact and rX is another weak reflection of X in
Slc with the corresponding cover Ω , then λΩ ′X =X.
The next proposition essentially is a localization of a similar known result of [6]
regarding the weak reflections in compact spaces. Such a generalization did not completely
work for the weak reflections in θ -regular spaces in [7], but for strongly locally compact
spaces it works well. First we need to prove the following three subsidiary lemma. The first
one is also contained in the author’s paper [6] and we repeat its proof briefly because of
completeness. The second lemma localizes an analogous lemma of Hušek in [4]. The third
lemma is a localization of similar author’s result in [6].
Lemma 2.6. Let X be an infinite T1-space. Then X contains an infinite subspace either
with the discrete topology or with the co-finite topology.
Proof. Suppose that X does not contain an infinite subspace having the topology of
finite complements. Since X is infinite, we may assume, without loss of generality, that
N= {1,2, . . .} ⊆X. Evidently, every M ⊆N with N \M finite is open in N. By induction
we construct a discrete subspace of X:
(1) Let N1 = N. By the assumption, N1 has not the topology of finite complements.
Hence there exists x1 ∈ N1 such that x1 has an open neighbourhood U1 with N1 \ U1
infinite. We put N2 =N1 \U1.
(2k) Suppose that there exist points x1, x2, . . . , xk ∈ N, open sets U1,U2, . . . ,Uk and
infinite sets N1 = N, Ni+1 = Ni \ Ui , i = 1,2, . . . , k, such that the following conditions
are satisfied:
(i)k xi ∈Ni ∩Ui for i = 1,2, . . . , k,
(ii)k if k  2 then {x1, x2, . . . , xi−1} ∩Ui = ∅ for i = 2,3, . . . , k.
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We will prove (2k+1). Since Nk+1 is infinite, it cannot have the topology of finite
complements. Then there exists a point xk+1 ∈ Nk+1 and its open neighbourhood Uk+1
with Nk+2 =Nk+1 \ Uk+1 infinite. It follows from (i)k and from the definition of the sets
Ni that xi /∈ Ni+1 ⊇Nk+1 for i = 1,2, . . . , k. Hence {x1, x2, . . . , xk} ∩Nk+1 = ∅. The set
{x1, x2, . . . , xk} is closed; therefore, without loss of generality, we may choose the set Uk+1
such that {x1, x2, . . . , xk} ∩Uk+1 = ∅. That completes the induction. Let D = {x1, x2, . . .}.
We will show that D has the discrete topology. Indeed, for every p = 2,3, . . . it follows
from (ii)p that {x1, x2, . . . , xp−1} ∩Up = ∅. For every p, i = 1,2, . . . by (i)p+i we obtain
that xp+i ∈Np+i ⊆Np+1 =Np \Up . It follows that Up ∩ {xp+1, xp+2, . . .} = ∅. Now, we
have Up ∩D = {xp}, which completes the proof. ✷
Lemma 2.7. Let U be an open subset of a space X. Suppose that S(U) ∩ (ωX \ X)
contains an infinite subspace with the discrete topology. Then there exists a sequence
X1,X2, . . .⊆U of closed noncompact subsets of X which are pairwise disjoint.
Proof. Assume, without loss of generality, that N ⊆ S(U) ∩ (ωX \X) and the topology
of N, induced from ωX, is discrete. Let τ be the collection of all open sets in X. There
exist open sets Un ∈ τ , Un ⊆ U for every n ∈ N such that n ∈ S(Un) and m /∈ S(Un)
for n = m. Since Un ∈ n, there is some closed Gn ∈ n with Gn ⊆ Un ⊆ U . The sets
Xn =Gn\⋃n−1i=1 Ui , where n ∈N, constitute the desired family. Indeed, everyXn is closed,
disjoint from Xm for m = n and contained in U . The noncompactness of Xn follows from
the fact that every n ∈N⊆ ωX\X constitutes a nonconvergent ultra-closed filter in X. ✷
Lemma 2.8. Let U be an open subset of a space X. Suppose that S(U) ∩ (ωX \ X)
contains an infinite subspace having the co-finite topology. Then there exists a sequence
X1,X2, . . .⊆U of closed noncompact subsets of X which are pairwise disjoint.
Proof. We may assume, without loss of generality, that N ⊆ S(U) ∩ (ωX \ X) and the
topology of N, induced from ωX, is co-finite. Since U ∈ n then for every n ∈ N there
exists a closed Hn ∈ n with Hn ⊆ U . Denote by τ the collection of all open sets in X. By
induction we define the desired sequence:
(1) Let N1 = N, x1 = 1, y1 = 2. There exists an open set U1 ∈ τ such that x1 /∈ S(U1)
and y1 ∈ S(U1). Since N1 ∩ S(U1) = ∅, the set N1 \ S(U1) is finite and then the set
N2 =N1 ∩ S(U1) is infinite. Since x1 /∈ S(U1) it follows that U1 /∈ x1 which implies
that X \U1 ∈ x1. We put X1 =H1 \U1. Then X1 ⊆ U is closed in X and nonempty
since X1 ∈ x1. Moreover, it is noncompact because x1 is a nonconvergent ultra-closed
filter in X.
(2k) Suppose that for some k  1 there exist open sets U1,U2, . . . ,Uk ∈ τ , sets
N1,N2, . . . ,Nk+1 ⊆N and noncompact closed sets X1,X2, . . . ,Xk ⊆X such that
(i)k U1 ⊇U2 ⊇ · · · ⊇Uk ,
(ii)k Ni+1 =Ni ∩ S(Ui) for i = 1,2, . . . , k,
(iii)k Nk+1 is infinite,
(iv)k Xi ⊆ (Hi \Ui)∩Ui−1 for i = 2,3, . . . , k.
M.M. Kovár / Topology and its Applications 137 (2004) 195–205 201
We will prove that (2k+1) is fulfilled. By the condition (iii)k there are two distinct points
xk+1, yk+1 ∈Nk+1 and open set Uk+1 ∈ τ such that xk+1 /∈ S(Uk+1) and yk+1 ∈ S(Uk+1).
Because Nk+1 ⊆ S(Uk) by (ii)k , one can easily check that we may assume Uk+1 ⊆ Uk .
Hence (i)k+1 is fulfilled. We put Nk+2 = Nk+1 ∩ S(Uk+1). The set N ∩ S(Uk+1) is
open in N and nonempty because it contains yk+1. Hence its complement N \ S(Uk+1)
is finite; therefore Nk+1 \ S(Uk+1) is also finite. It follows that Nk+2 is infinite. Notice
that (ii)k+1 and (iii)k+1 are satisfied. Since xk+1 /∈ S(Uk+1) it follows Uk+1 /∈ xk+1 and
then X \ Uk+1 ∈ xk+1 which implies that Hk+1 \ Uk+1 ∈ xk+1. On the other hand, since
xk+1 ∈Nk+1 ⊆ S(Uk), we have Uk ∈ xk+1. Then there exists a set Gk+1 ∈ xk+1, closed in
X, such that Gk+1 ⊆Uk . We put
Xk+1 =Gk+1 ∩ (Hk+1 \Uk+1).
Evidently, Xk+1 is closed in X and since Xk+1 ∈ xk+1 it is nonempty. Moreover, it is
noncompact because xk+1 is a nonconvergent ultra-closed filter in X. Since Gk+1 ⊆ Uk
it follows that Xk+1 ⊆ (Hk+1 \ Uk+1) ∩ Uk . Hence (iv)k+1 is fulfilled, which completes
the induction. Now, let p, s ∈ N and p < s. Then by (iv)s and (i)s−1 it follows that
Xs ⊆Us−1 ⊆ · · · ⊆Up . On the other hand, by (iv)p we have Xp ⊆X \Up, which implies
that Xp ∩Xs = ∅. It follows that {Xi}i∈N is the desired sequence. ✷
Proposition 2.9. Let X have a weak reflection in strongly locally compact spaces. Then
there exists an open θ -spread cover Ω ′ of X such that for every U ∈ Ω ′ there are only
finitely many nonconvergent ultra-closed filters in X containing U .
Proof. Let Ω be an open cover of rX such that clrX V is compact for every V ∈Ω . We
put Ω ′ = {V ∩ X | V ∈ Ω}. Similarly as in the proof of Proposition 2.3 one can easily
check that Ω ′ is θ -spread in X which implies that λΩ ′X is defined correctly. Suppose
conversely that there is some U ∈Ω ′ such that U ∈ y for infinitely many nonconvergent
ultra-closed filters y ∈ ωX. Then Y = S(U) ∩ (λΩ ′X \X) ⊆ ωX is an infinite T1 space.
By Lemma 2.6 the space Y contains an infinite subspace having the discrete topology or
the co-finite topology. It follows from Lemmas 2.7 and 2.8 that there exists a sequence
X1,X2, . . .⊆U of closed noncompact subsets of X which are pairwise disjoint. Let Γ be
a filter in X such that L=X1 ∪X2 ∪ · · · ∈ Γ . Since L⊆ U it follows that U ∈ Γ . There
exists V ∈Ω such that U = V ∩X and G ∈ Γ such that G⊆ U ⊆ clrX V . But clrX V is
compact so Γ has a cluster point in clrX V ⊆ rX. This is a contradiction to the result of
[7] mentioned in theorem (ii) of Section 1. ✷
Corollary 2.10. Let X have a weak reflection in Slc. Then there is an open θ -spread cover
Ω ′ of X such that the remainder λΩ ′X \X is discrete in λΩ ′X.
In general, a continuous mapping from X into a strongly locally compact space need
not have a continuous extension over λΩX even if the remainder λΩX \X is discrete in
λΩX. But it works well for the least λΩ -extension (if it exists, of course). Hence also the
opposite to Proposition 2.3 and Corollary 2.10 is true.
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Proposition 2.11. Let λΩX be the least among all λΦ -extensions of a space X and let
λΩX \ X be discrete in λΩX. Then λΩX is the weak reflection of X in strongly locally
compact spaces.
Proof. Let f :X → Y be a continuous mapping, Y be strongly locally compact. Then
there exists an open cover Ψ of Y such that clY V is compact for every V ∈ Ψ . Then
f−1(Ψ ) = {f−1(V ) | V ∈ Ψ } is an open cover of X. We put Ω ′ = {U ∩ f−1(V ) | U ∈
Ω,V ∈ Ψ }. We will show that Ω ′ is θ -spread. Let U ∈ Ω and V ∈ Ψ . Since Ω is θ -
spread it follows that there exist U1,U2, . . . ,Uk ∈ Ω such that clX U ⊆⋃ki=1 Ui . Since
clY V is compact there exist V1, V2, . . . , Vm ∈ Ω such that clY V ⊆ ⋃mj=1 Vj . Then
clX f−1(V )⊆ f−1(clY V )⊆⋃mj=1 f−1(Vj ) which implies that
clX
(
U ∩ f−1(V ))⊆ clX U ∩ clX f−1(V )⊆
(
k⋃
i=1
Ui
)
∩
(
m⋃
j=1
f−1(Vj )
)
=
k⋃
i=1
m⋃
j=1
(
Ui ∩ f−1(Vj )
)
,
so Ω ′ is θ -spread. Hence, λΩ ′X is defined correctly. Since Ω ′ refines Ω it follows that
λΩ ′X ⊆ λΩX. But λΩX is the least among all its λΦ -extensions and so λΩ ′X = λΩX.
Let y ∈ λΩX \ X. Then there exist U ∈ Ω and V ∈ Ψ such that U ∩ f−1(V ) ∈ y
which implies, in particular, that f−1(V ) ∈ y . Then there is a closed set F ∈ y such
that F ⊆ f−1(V ) and hence, f (F ) ⊆ V ⊆ clY V . Since clY V is compact the filter base
f (y) = {G | f (G) ∈ y} has a cluster point y˜ ∈ clY V ⊆ Y . We put f˜ (y) = y˜ for every
y ∈ λΩX \X and f˜ (x)= f (x) for every x ∈X. We will prove that the map f˜ :λΩX→ Y
is continuous.
Obviously, X is an open subset of λΩX and hence f˜ is continuous on X. We will
show that f˜ is continuous at every y ∈ λΩX \ X. There exists open U ⊆ X such that
S(U) ∩ (λΩX \X)= {y}. Let Q⊆ Y be open in Y with y˜ = f˜ (y) ∈Q. Then f−1(Q) is
open in X. Since y is ultra-closed, it follows that either X \ f−1(Q) ∈ y or f−1(Q) ∈ y .
But y˜ is a cluster point of the filter base f (y) and since Q∩f (X \f−1(Q))= ∅, it follows
that f−1(Q) ∈ y . We putL=U ∩f−1(Q). ThenL ∈ y and hence y ∈ S(L). We will prove
that f˜ (S(L))⊆Q. Take t ∈ S(L). If t ∈ L⊆ f−1(Q)⊆X then f˜ (t)= f (t) ∈Q. If t /∈L
then t ∈ S(L) ∩ (λΩX \X) ⊆ S(U) ∩ (λΩX \X) = {y} which implies that y = t . Then
f˜ (t) = f˜ (y) = y˜ ∈Q. Therefore, f˜ :λΩX→ Y is a continuous extension of f . Hence,
λΩX with the inclusion map j :X→ λΩX is the weak reflection of X in Slc. ✷
As an immediate consequence of Proposition 2.3, Corollary 2.10 and Proposition 2.11
we obtain the main theorem.
Theorem 2.12. A space X has a weak reflection in strongly locally compact spaces if and
only if there exists an extension λΩX of X which is the least among all its λΦ -extensions
and the remainder λΩX \X is discrete in λΩX.
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Now we will characterize the existence of weak reflections of a space X in Slc in terms
of its θ -regular extension ϑX.
Proposition 2.13. Let X have a weak reflection in strongly locally compact spaces. Then
ϑX ∈ Slc and ϑX \X is discrete in ϑX.
Proof. It follows from Proposition 2.9 that there exist an open θ -spread cover Ω of X
such that every U ∈ Ω belongs to only finitely many nonconvergent ultra-closed filters
in X. Let x ∈ ϑX. We will show that x has a closed compact neighborhood in ϑX.
Since ϑX ⊆ λΩX ⊆ ωX it follows that x ∈ λΩX and hence there exist U ∈Ω such that
x ∈ S(U). Note that depending on x it may be either x ∈ U if x is a point of X or U ∈ x if
x is a nonconvergent ultra-closed filter in X with a θn-cluster point in X for some n ∈ N.
The cover Ω is θ -spread, so there are U1,U2, . . . ,Uk ∈ Ω such that clX U ⊆⋃ki=1 Ui .
Denote by
K =
{
y | y ∈ ωX \ ϑX,
(
k⋃
i=1
Ui
)
∈ y
}
= S
(
k⋃
i=1
Ui
)
∩ (ωX \ ϑX).
Clearly, the set K is finite since every Ui belongs to only finitely many nonconvergent
ultra-closed filters in X. In [7] we proved that the points of ϑX and ωX \ ϑX are in
ωX separated by open disjoint neighborhoods (see the proof of Proposition 2.1, [7]).
Hence, for every y ∈ K there exist open Uy , Vy ⊆ X such that x ∈ S(Uy), y ∈ S(Vy)
and S(Uy) ∩ S(Vy) = ∅. We put W = U ∩ (⋂ky∈K Uy) and Q = S(W) ∩ ϑX. One can
easily check that x ∈ Q. We will prove that clλΩX Q ⊆ ϑX. Suppose conversely, that
there exist some z ∈ λΩX \ ϑX with z ∈ clλΩX Q. Let L = X \ clX U and suppose that
L ∈ z. It follows that Q ∩ S(L) ⊆ S(W) ∩ S(L) ⊆ S(U) ∩ S(L) = ∅ since U ∩ L = ∅.
But this is a contradiction to z ∈ clλΩX Q. Hence L /∈ z which implies that clX U ∈ z
and then
⋃k
i=1 Ui ∈ z. Therefore z ∈ K , z ∈ S(Vz) and Q ∩ S(Vz) ⊆ S(W) ∩ S(Vz) ⊆
S(Uz) ∩ S(Vz) = ∅. But again, this is a contradiction to z ∈ clλΩX Q. Hence, it follows
that clλΩX Q⊆ ϑX is a compact closed neighborhood of x in ϑX which is strongly locally
compact. Now, by Theorem 2.12 there exist an extension λΩ ′X of X such that λΩ ′X \X is
discrete in λΩ ′X and again we have ϑX ⊆ λΩ ′X. Hence, ϑX \X is discrete in ϑX, which
completes the proof. ✷
Theorem 2.14. For a space X, the following statements are equivalent:
(i) X has a weak reflection in strongly locally compact spaces.
(ii) ϑX is strongly locally compact and ϑX \X is discrete in ϑX.
(iii) ϑX ∈ Slc is a weak reflection of X in θ -regular spaces.
(iv) ϑX is a weak reflection of X in strongly locally compact spaces.
Proof. The implication (vi) ⇒ (i) is clear and (i) ⇒ (ii) follows from Proposition 2.13.
The implication (ii) ⇒ (iii) is an immediate consequence of Theorem 2.2 of [7] mentioned
in this paper in Section 1 as theorem (i). Let us prove that (iii) ⇒ (iv). Let ϑX and Y be
strongly locally compact, j :X→ ϑX be a weak reflection of X in θ -regular spaces and
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f :X→ Y be a continuous mapping. Then Y is also θ -regular which implies that there
exist a continuous extension f˜ :ϑX→ Y of f and the following diagram commutes:
X
j
f
ϑX
f˜
Y
Since ϑX is strongly locally compact it follows that ϑX is the desired weak reflection of
X in Slc. ✷
In [6] the author proved that a θ -regular space having a weak reflection in compact
spaces is strongly locally compact. The following corollary of Theorem 2.14 is an analogue
of that result regarding the weak reflections in Slc.
Corollary 2.15. Let X be a θ -regular space having a weak reflection in Slc. Then X is
strongly locally compact, that is X ∈ Slc.
Example 2.16. IfX is a θ -regular nonlocally compact space, then X has no weak reflection
in Slc. On the other hand, let Y = N ∪ {0}. Let us define a topology on Y by taking
the sets V (m) = {k · 2m | k = 0,1, . . .} for m = 0,1, . . . and U(a) = {1,2, . . . , a} for
a = 1,2, . . . as its subbase. One can easily check that any two infinite closed sets in Y
have a nonempty intersection. Then there exists exactly one nonconvergent ultra-closed
filter in Y . Since the closed neighborhoods of 0 ∈ Y are infinite it follows that this filter
θ -converges to 0 which implies that Y is not θ -regular. Hence ϑY = ωY ∈ Slc and ϑY \Y
is finite. Now, it follows from Theorem 2.14 that ϑY is the weak reflection of Y in Slc.
Obviously, Y is not strongly locally compact since Y  ϑY . We will show that Y even is
not locally compact. Let H be a neighbourhood of 0. Then there is some m= 1,2, . . .with
0 ∈ V (m)⊆H . The family Ω = {V (m+ 1)} ∪ {U(a) | a = 1,2, . . .} is a cover of Y . Since
the set V (m) \ V (m+ 1)⊆H \ V (m+ 1) is infinite, no finite subfamily of Ω covers H .
Hence Y is not locally compact, but it has the weak reflection ϑY = ωY in Slc as well
as in Comp. Let Z be the topological sum of infinitely many pairwise disjoint copies of
Y . Then ϑZ is still a weak reflection of Z in Slc but Z has no weak reflection in Comp
since ωZ \Z is infinite [6].
Corollary 2.17. Let X be one of the following spaces: regular, rimcompact, paracompact
or a product of such spaces. If X is not locally compact then X has no weak reflection in
Slc.
A T1 or θ -regular space having a weak reflection in compact spaces is countably
compact [6]. In a comparison with this result, a space having a weak reflection in Slc
clearly need not be countably compact. But its following localization works.
Theorem 2.18. Let X be a T1 space having a weak reflection in strongly locally compact
spaces. Then every x ∈X has a closed countably compact neighborhood.
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Proof. Let X be a T1 space with a weak reflection in Slc. It follows from Proposition 2.9
that there exist an open θ -spread cover Ω of X such that every V ∈ Ω is contained
in at most finitely many nonconvergent ultra-closed filters in X. Let x ∈ X, U ∈ Ω
such that x ∈ U and {xn}n∈N ⊆ clX U be a sequence having no cluster point in X. Let
{Nn}n∈N be a partition of N with Nn infinite for every n ∈ N. Denote Xn = {xk | k ∈ Nn}
for every n ∈ N. Then X1,X2, . . . is a sequence of noncompact, closed and pairwise
disjoint subsets of clX U . Hence there are infinitely many nonconvergent ultra-closed filters
in X containing clX U . Since Ω is θ -spread there exist U1,U2, . . . ,Um ∈ Ω such that
clX U ⊆⋃mi=1 Ui . Then there exist i ∈ {1,2, . . . ,m} such that Ui is contained in infinitely
many nonconvergent ultra-closed filters in X, which is a contradiction. It follows that
every infinite sequence in clX U has a cluster point which implies that clX U is countably
compact. ✷
Example 2.19. Let Y be the space constructed in Example 2.16. Then Y has a weak
reflections in Slc but, for example, 0 ∈ Y has no closed countably compact neighborhood.
Observe that Y is not a T1 space.
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